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The Krafla volcanic system is situated in Iceland's Northern Volcanic Zone. It has a 12-km diameter 101 caldera and a system of ground fissures and vents which extend beyond the caldera to the North and 102
South. An active geothermal system lies within the caldera. In 1975-1984 a repeated sequence of 103 activity occurred in which gradual ground inflation centred within the caldera was interrupted by 104 rapid deflation accompanied by rifting and sometimes basaltic eruptions (e. place the shallow chamber, or a complex of magma storage compartments, at about 2 to 4 km depth. 111
Here, we investigate the record of ground inflation using the data on surface elevation provided by 112
Björnsson and Eysteinnson (1998) (see Fig. 1 ) pertaining to levelling station FM5596 located about 1 113 km from the centre of deformation. Measurements were typically recorded on a daily to hourly basis. 114
We designate as inflation period 1 the measured inflation which started in February 1976, following 115 the end of the first eruptive event in the 1975-1984 activity, because this marks the start of frequent 116 measurements of inflation. The elevation at which deflation started generally increased over time, 117
rather than occurring at a more or less constant threshold elevation, as appears to be the case at Axial 118 Seamount (Chadwick et al., 2012; Nooner and Chadwick, 2016) . At Krafla, the threshold elevation is 119 variable and is likely to be a function of time-dependent magmatic, tectonic and topographic stresses 120
(Buck et al., 2006). 121
Of the 17 inflation periods which preceded deflation (Fig. 1) , all but the two most recent periods 122 (lasting from 04/02/1981 to 18/11/1981 and from 22/11/1981 to 04/09/1984) are described well by the 123 single exponential function of Eq. (1). These are the 15 periods plotted in Fig. 2 and listed in Table 1 . 124
They lasted from tens of days to hundreds of days and inflation stopped (when deflation and 125 eruption/intrusion started) after inflation of 0.2 to 1.2 m. Note that although elevation increases during 126 each inflation period at a decreasing rate through time, some irregularity occurs because of occasionalrapid but small deflations and inflations. These are treated as noise because they are much smaller 128 than the 0.1 to 1.05 m deflation events that accompany intrusions and eruptions. Fitting was done 129 using the Levenberg-Marquardt algorithm (see Appendix A) and the best-fit parameter values are 130 listed in Table 1 ; the time constant τ ranges from 13.7 to 537 days. Figure 3 shows a representative 131 example of a fitted curve. 132
Inflations 16 and 17 followed a double exponential model which, as will be mentioned in the 133 Discussion, we attribute to a viscoelastic response of the system after sufficiently long time (cf. 134
Nooner and Chadwick, 2009). However, for the purposes of this paper, attention is focused on 135 inflations described by Eq. (1). 136
Forecasting method 137
As already noted, Dvorak and Okamura (1987) and Lengliné et al. (2008) Figure 4a compares the duration of inflation, t*, with the 140 exponential timescale, τ, for these three basaltic volcanoes. A strong correlation exists such that for 141 given τ, the time when deflation starts, t*, is likely to lie within a well-prescribed range. The 142 correlation holds irrespective of whether the deflation was accompanied by an eruption or only an 143 intrusion, as is expected if deflation is triggered at a critical threshold whereas an eruption requires an 144 additional criterion related to dyke propagation dynamics, magma buoyancy and surface topography. 145
The correlation between t* and τ in Fig. 4a also appears to be independent of which volcano is 146 involved, albeit with the caveat that more data from Kilauea, Mauna Loa and other volcanoes would 147 be interesting. 148
That the Hawaiian and Krafla data have similar t*/τ ratios is not unexpected for the following reason: 149
In physical terms, for a magma chamber inflating due to the inflow of buoyant magma from below 150 (e.g., Pinel et al., 2010) , the critical amount of inflation ΔD* is proportional to the critical over-151 pressure in the chamber (ΔP*). The maximum permissible amount of inflation, a, is that which would 152 be caused by an excess chamber pressure that balances the buoyancy of the magma in the feederconduit given by gΔρL where g is the acceleration due to gravity, Δρ is the density difference between 154 the magma and country rock, and L is the length of the feeder conduit. In such a model, t*/τ = -ln(1-155 ΔP*/gΔρL) and a deflation will be triggered as long as ΔP*/gΔρL < 1. Choosing reasonable values for 156 these parameters (3 < ΔP*< 30 MPa, 100 < Δρ < 400 kg m -3 and 5 < L < 20 km) yields a spread of 157 t*/τ ratios that are confined within the range of about 0.07 to 5, which is consistent with Fig. 4 . 158
Although the ranges of physical parameter values, and hence t*/τ ratios, within a given volcanic 159 system are likely to be narrower, disparate volcanoes can still be expected to have t*/τ values that 160
overlap, as appears to be the case from Fig. 4 . Thus, until more deformation data are available, the 161 dispersion in the data represented by the pooled cumulative distribution function (cdf) in Fig. 4b is 162 taken to describe the relationship between the duration (t*) and time-constant (τ) of inflation at most 163 volcanoes which behave according to Eq. (1). 164
The cumulative distribution function (cdf) of the ratio t*/τ (Fig. 4b) is sigmoidal, such that deflation is 165 more likely to start when t*/τ is near the median value. A smoothed version of the empirical cdf can 166 be calculated using a best-fit to a theoretical distribution, such as a log-logistic distribution. We 167 consider this distribution because it is adequate for events whose rate increases initially and decreases 168 later as exponential decay. The distribution has a sigmoidal shape and a simple 2-parameter 169 definition: 170
where α is the median value of t*/τ and β is a shape factor. Values of α = 1.319 and β = 4.756 were 172 found by maximum likelihood estimation to approximate the empirical cdf, with the goodness of fit 173 being validated using the Kolmogorov-Smirnov test. The empirical cdf of t*/τ as well as the log-174 logistic fit are shown in Fig. 4b . 175
The cdf of t*/τ can be used to calculate the probability of a deflation starting within a given time 176
interval by applying the theory of conditional probability and using an estimate of τ found by fittingEq. (1) to on-going inflation data. Thus, at some time, t, after the start of an inflation period the 178 probability of deflation starting between t 1 (≥ t) and t 2 (> t 1 ) is (see Appendix B) 179
. (4) 180
We focus on the probability, evaluated at the elapsed time t, of deflation starting in the time window 181 between t and t + Δt. In other words, at any current time during the course of on-going inflation, we 182 wish to find the probability that a deflation event will start before a time period of length Δt has 183 passed. Following Eq. (4), this is: 184
Graphs showing how this probability changes over time, and for different values of Δt, are given in 186 Figure 5a makes the obvious point that the probability increases with an increasing size of 188 time window, Δt/τ. For given Δt/τ, the probability of deflation happening within that time window is 189 initially low; this is because the cdf is relatively flat at small times, and increases as the steepest 190 portion of the cdf is approached, which is when t/τ is close to the median value of t*/τ. At later times, 191 if deflation has not yet happened, the probability decreases once the long tail of the cdf is reached 192 because a given size of time window contains a diminishingly small proportion of the cdf. 
A retrospective illustration of probabilistic forecasting in real time 199
As shown above, the probabilities of deflation starting in a given time window can be calculated from 200 the cdf as a function of the dimensionless time t/τ. To express the size of these time windows in 201 absolute terms requires knowledge of τ, and this is estimated by fitting Eq. (1) to deformation data 202 obtained up to time t (< t*). This is designated as τ(t) to distinguish it from the values of τ (Table 1 , 203 which characterise the start of deflations. The time evolution of forecasts will therefore reflect any 209 change in τ(t) as well as the passage of time on the conditional probabilities. 210
In applying the forecasting method, a user may be interested in the probability of a deflation starting 211 in a given time interval or, conversely, the time interval which carries a given probability. In the 212 former case, continually updated conditional probabilities are calculated using Eq. (5) with τ replaced 213 by τ(t) as shown in Fig. 7a for inflation 9. In the alternative case, Equations (3) and (5) are rearranged 214 to find Δt for given p: 215
, (6) 216
The results from this calculation are shown in Fig. 7b . 217
Both plots in Fig. 7 show variation due to variation in τ(t) superimposed on the trends found in the 218 normalised plots for constant τ in Fig. 5 . For example, the major changes at early times in Fig. 7a,b  219 are mainly due to changes in the best fit value of τ(t) shown in Fig. 6 . Once τ(t) becomes more stable, 220 the trends in Fig. 7 more closely follow the theoretical curves of Fig. 5 in which the probability of a 221 deflation in a given size of time window increases until t ≈ τ, and then gradually decreases. Likewise, 222 the length of the time window associated with a given probability decreases until t ≈ τ and then slowly 223
increases. 224
It may seem counter-intuitive that the probability does not continue to increase while more and more 225 time goes by without a deflation event. However, there are two reasons why the probability of 226 deflation starting within a time window of given length (as opposed to deflation starting at any time 227
which, in our model is p = 1) eventually decreases if a deflation event has not happened after a 228 sufficiently long time. 229
The first is that the probabilities are calculated from a model distribution that by definition extends to 230 infinite time. In other words, there is no known or assumed upper limit to how long inflation will 231 continue. If there was a finite time by which deflation must start, then the probability would indeed 232 increase as that time was approached, but here there is no such constraint. 233
The probabilities depend on the shape of the cdf. In particular, the log-logistic distribution has a long 234 tail in which the slope of the cdf decreases as the cdf asymptotes to 1 as time tends to infinity. This 235 contrasts with the shape of the cdf at early times, which shows the slope of the cdf increasing. This 236 shape reflects the fact that the distribution of t*/τ values has a central peak straddled by shallow tails, 237 as illustrated by the clustering of data points in Figure 4a . 238 Secondly, then, the proportion of the population of all deflation start times contained within a time 239 window that lies in the long tail of the distribution is small and becomes smaller as t tends to infinity 240 and the cdf asymptotes to 1. This is the opposite of the trend at earlier times, when the proportion 241 increases according to the steepening of the cdf. 242
The probability (Eq. 5) depends on the ratio of the proportion of the population of all deflation start 243 times that lies between t and Δt, divided by the proportion of the population that lies beyond the 244 present time. These proportions are (cdf(t /τ + Δt/τ) -cdf(t/τ)) and (1 -cdf(t/τ)) respectively. The 245 former term increases as the cdf curve steepens (up to the median time) and decreases as the cdf curve 246 flattens out (after the median time). The latter term always decreases with time. Consequently, at early Figure 7 also illustrates how the method can be used. After 30 days of inflation, there is a 40% chance 250 of deflation starting in the next 50 days (i.e., before the 80 th day after this inflation period started) and 251 only a 2% chance that it starts in the next 10 days. As time passes without deflation and with the 252 gathering of more deformation data that allows τ(t) to be re-calculated with more data, the 253 probabilities associated with given time windows are continually updated. After 130 days, there is a 254 68% chance of deflation happening in the next 50 days, and a 20% chance of deflation in the next 10 255
days. 256
Alternatively, specifying an 80% probability of deflation starting, the model forecasts a time window 257 that decreases from about 100 days to 70 days as inflation continues to the 130 th day. Thereafter, the 258 length of the time window increases once t >> τ as a consequence of the cdf of t*/τ flattening, as 259 explained in Section 3. A trade-off between high probabilities being associated with long time 260 windows and a desire to anticipate a deflation event within a short time window but with high 261 probability is met when the times and time windows are of order τ × the median value of the t*/τ ratio, 262
in this case 1.32 τ. In other words, the strongest forecasts are made around the times when the curves 263 
Discussion 265
This section compares the model with other approaches and explains how it can be used with data 266 which follow a different time-dependence from the decaying exponential of Eq. (1). First, we remark 267 on a caveat that applies to all eruption forecasting methods which is that geophysical unrest need not 268 The forecasting approach introduced here can be compared with one based only on the distribution of 277 inflation durations (t*). Fig. 8 compares the empirical cdfs of t* and of t*/τ for the 15 inflation periods 278 of Krafla. It shows that the t*/τ cdf has a narrower central portion, indicating that including the extra 279 information provided by a value of τ allows better discrimination of when deflation is likely to start. 280
Indeed, the cdf of t* values is close to a straight line, such that t* values between the minimum and 281 maximum values are equally likely whereas the sigmoidal log-logistic cdf of t*/τ implies that t*/τ will 282 be more likely to lie in a narrower range. A further advantage of the new model is that the distribution 283 of normalised inflation times, t*/τ, appears to be general whereas the distribution of t* values is 284
volcano-specific. 285
We reiterate that our method forecasts the onset of deflation whether or not the subsequent intrusion 286 produced an eruption. At Krafla, the 15 inflation periods which followed Eq. (1) all culminated in an 287 intrusion but only 6 of them produced an eruption. While separate cdfs for inflation episodes which 288 preceded eruptive and non-eruptive deflations could be made in order to allow separate forecasts of 289 the probabilities of the timing of eruptive and non-eruptive deflations (on the assumption that 290 eruptions happen randomly in any sequence of deflation events), the small amount of available data 291 precludes this. However, the empirical evidence of Fig. 4a is that eruptive and non-eruptive deflations 292 are not associated with different populations of t*/τ values. This is consistent with the expectation that 293 the condition for an eruption to happen at some time during deflation is independent of the condition 294 for deflation to start. 295
The t*/τ method introduced here applies only to inflations which follow Eq. (1), in other words, 296
volcanoes with inflation at an exponentially decreasing rate. The procedure of updating fits to Eq. (1) 297 as more monitoring data are collected allows the user to continually judge whether Eq. (1) adequately 298 fits the data. If it does, then the forecasting method using Eqs. (4) and (5) and the cdf shown in Fig. 4b Figure 9a ,b shows that they are more clearly described by the double 308 exponential model 309 (2016)). Given a number of past eruptions happening at known t* and T, 322 then the cdf of t*/T can be plotted and described by the best fit to an appropriate reference distribution 323 (e.g., log-logistic, Weibull, normal etc). The best-fit cdf then defines the population of t*/T values atvalue of T having been found through fitting Q = f(t/T). The value of T and the probability can be 327 continually updated in real-time as monitoring data accrues. 328
Conclusions 329
Motivated by the need for improved quantitative probabilistic forecasting methods for volcanic 330 eruptions, we introduce a method which produces forecasts of the type "The probability that a 331 deflation will start during the next N days is p". The method requires monitoring data and a statistical 332 description of the threshold conditions for an eruption (or other event) to start. In our case, the time at 333 which an inflating volcano starts to deflate, a process which initiates a shallow intrusion that 334 sometimes leads to an eruption, is parameterised by an exponential timescale (τ) describing the time-335 dependence of inflation rate. In particular, we have shown that Eq. (1) describes inflation episodes at 336 Krafla volcano which are followed by deflation, intrusion and in some cases, eruption. Certain 337 inflation episodes at Kilauea and Mauna Loa also follow Eq. (1) (Dvorak and Okamura, 1987; 338
Lengliné et al., 2008). The pooled data show that the duration of inflation t* is proportional to the 339
exponential timescale τ, and the ratio t*/τ follows a log-logistic distribution with median of ca. 1.3 and 340 20% and 80% percentile values of ca. 0.99 and ca. 1.78. The cdf of t*/τ allows the probability that 341 deflation will start within a given user-defined time window to be calculated (Eqs. (4) and (5) and 342
Figs. 5 and 7). Probabilities can be continually updated in real-time as more deformation data become 343 available during an ongoing inflation period because this allows the value of τ to be continually 344 refined. The method performs better than forecasts based solely on the statistics of t* values. The 345 methodology is transferable to any time-dependent pre-eruptive monitoring data for which the cdf of 346 the duration of unrest (t*) scaled by a time-scale, T, is known and for which a value of T can be 347 determined from on-going monitoring data. 348 appreciate the constructive reviews by William Chadwick and an anonymous reviewer, as well the 353 Editor, Tamsin Mather, whose comments helped to clarify the paper. This research did not receive 354 any specific grant from funding agencies in the public, commercial, or not-for-profit sectors. 355
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Appendix B Conditional Probability 586
Calculating the probability of deflation starting (at time t*) within some specified time interval, given 587 that an amount of time t < t* has passed is a particular case of calculating the conditional probability 588 of the occurrence of an event A given that an event B has already happened: P(A|B). It is well known 589 that: 590 (B.1) 591
i.e. this conditional probability is equal to the probability of the combined event divided by the 592 probability of the event that has happened. In our case, defining the probability of deflation at a given 593 time t* after a given amount of time t has occurred implies that A = t ≤ t*≤ t + Δt and B = t* > t. 594
